Introduction.
Owing to the recent interest in controlled nuclear fusion, the stability of a linear pinch, a magnetically confined plasma cylinder, has been a subject of rather extensive studies [1] , [2] , [3] . Theoretically it was found possible to find a stabilized linear pinch under some simplifying assumptions. Practically, however, complete stabilization of a pinch has not yet been achieved.
In a stability analysis one usually considers small perturbations from the equilibrium configuration. Since a pinch device can hardly produce a regular-shaped pinch, the perturbation is certainly not always small. It is, therefore, advisable to investigate the motion of a pinch due to finite disturbances.
The aim of this paper is two-fold. First, it investigates the stability of a linear pinch under finite axisymmetric disturbances. Secondly, it studies the motion of a magnetically confined plasma cylinder, a problem of considerable mathematical interest.
The magnetohydrodynamic approach to plasma problems will be adopted, and the plasma is assumed to be inviscid, non-heat-conducting, and to have infinite electrical conductivity. A one-dimensional model of a linear pinch will be proposed with a derivation of its governing partial differential equations, which turn out to be of mixed type. The conditions leading to trivial solutions and simple exact solutions of the differential equations are then studied. There follows a treatment of the nonlinear wave motion in the hyperbolic region. For the elliptic region the maximum principle is applied to give some conditions for instability. Finally the hodograph transformation is presented, and a method of finding infinitely many particular solutions of the hodograph equation is given.
2. One-dimensional model and differential equations.
The one-dimensional model we shall study is an infinite cylindrical plasma confined by an azimuthal magnetic field; the cylindrical plasma has an internal magnetic field which is initially uniform and axial. We will consider finite axisymmetric disturbances with small area gradient in the axial direction; so the internal field will remain essentially axial and approximately uniform across the plasma cylinder, for magnetic lines are material lines in a perfectly conducting fluid flow [4] . Since the magnetic flux through any moving material surface in a perfectly conducting medium remains constant [4] , the internal magnetic field is inversely proportional to the cross-sectional area ft; Bi = «o5o/ft, where the subscript 0 indicates initial quantities. The confining magnetic field Bc which is generated by a constant axial surface current, is purely azimuthal. By Ampere's law it is inversely proportional to the radial distance r: 
where c is a constant; R0 is the initial equilibrium radius, and C0 is the initial confining magnetic field on the surface. Across the interface between the plasma and the confining magnetic field, the sum of the plasma pressure p and the magnetic pressure Ho1B2/2 is continuous [4] , where the rational MKS system of units is adopted and n0 is the permeability of the vacuum. Applying this boundary condition, and setting A = a/«0 and i? = (B0/C0)2, we obtain p = WA~XCIA -Bl) = po(l -vVA-'iA -v).
Note that 1 > i] and A > n since p > 0.
With all dissipations neglected, the isentropic relation holds; hence
where p is the density of the plasma and y is the isentropic component. It is assumed that at each cross-section representative physical quantities may be assigned through some process of averaging so that the flow may be considered one-dimensional. In this case the equation of continuity, taking account of the time dependence of the cross-sectional area, is [5] (pA), + (puA)x = 0,
where u is the flow velocity. Moreover, under the assumption that all disturbances considered have small area gradients in the axial direction, the axial Lorentz force is negligibly small and the momentum equation is simply [5] pu, + puux = -px .
Eliminating p and p from (1), (2), (3), and (4), we finally obtain
At + uAx + g(A)ux = 0,
where
Note that (5) and (6) are of mixed type: hyperbolic for tj < A < 2r\, but elliptic for 2ij < A.
3. Simple cases. A few simple cases, where some of the derivatives vanish identically, will now be studied. 
uAx + g{A)ux = 0.
If there is a non-trivial solution, it must be true that u -j{A)g(A) = 0. Differentiating this equation and comparing with (5a), we obtain (2 + g')j = -fg, which contradicts (7). Hence only trivial solutions exist. Theorem 3.2. A necessary and sufficient condition that (5) and (6) have only trivial solutions u = const and A = const is ux = 0.
Proof. The proof of necessity is obvious. To prove sufficiency, we set ux = 0 in (5) and (6) The assumption Ci = 0 leads to a contradiction; hence C\ = 0. Theorem 3.3. A plasma cylinder whose motion is governed by (5) and (6) can not maintain its cylindrical shape (i.e., Ax ^ 0) under a finite disturbance.
Proof. If Ax = 0 under a finite disturbance, (5) and (6) reduce to
Eliminating ux , integrating with respect to t, and differentiating the resulting equation with respect to x, we obtain ux = C\(x)u.
Substituting (8) in (5c) and integrating, we find
where t0 is a constant independent of x since on substituting (8a) into (8) the resulting ux must be independent of x on account of (6c). For (8) and (8a) to be compatible, we must have C[(x) + C\ = 0, or Ci(x) = (x + x0)_1, where x0 is a constant. We thus obtain the relation
which leads to a contradiction since u(x, t) is not finite lini|X|_" u(x, t) -> °°. The theorem is proved.
Note that (8b) is the simplest exact solution of (5) and (6) besides trivial solutions. To find A, we substitute (8b) into (6c) and integrate to obtain / [g(4)]_1 dA = -ln(< + t0), which integrates to
4. Wave motion in the hyperbolic region. In the hyperbolic region 17 < A < 2rj wave propagation is possible, for small disturbances may propagate along characteristics. Applying the theory of characteristics [6] , we find the physical characteristics C+: fe) = u + a(A), (10) (S)_
is the speed of propagation of disturbances relative to the medium. In addition, the hodograph characteristics are r+: u + 1(A) = 2r, T _: u -1(A) ' -2s, where r and s are Riemann variables and
Definition. A simple wave is a flow whose hodograph image is a single r characteristic [6] .
It can be shown that a forward-facing (or backward-facing) simple wave lies on a single r_ (or T+) characteristic and has straight C+ (or C_) characteristics [6] .
The following theorem shows the effect of the ratio of the internal magnetic field to the confining magnetic field on the disturbance propagation speed.
Theorem 4.1. Let a be the speed 0/ propagation defined by (10a). Then there exists a certain A = A'(7, r\) in the hyperbolic region 77 < A < 2?j such that a, < 0 for ri < A < A', = 0 A = A', >0 A' < A < 2t).
Moreover, A' is the root of Corollary, a, > 0 when 1 ^ A <2?j. This means that the propagating speed of a disturbance with area (or hence pressure as seen from Eq. 1) greater than the initial equilibrium area (or pressure) increases with the initial ratio of the internal magnetic field to the confining magnetic field on the plasma surface.
One of the most conspicuous phenomena in nonlinear wave motion is the change of wave form embodied in the following theorems. Differentiating the above and using (10a), (11a) and (7), we obtain (ii) in the subregion Ac < A < 2?j the velocity profile of a simple wave steepens if ux (x, 0) > 0 but flattens if ux (x, 0) < 0.
Proof. Suppose at t = 0 a simple wave is given with u = u(x) and a = a(x) satisfying the relation u =F 1(a) = const. Since the physical characteristic C*. is straight, the wavelet initiated at a point x = f will propagate at a constant velocity w(f) ± a(f); its path is given by
Following the wave, we may consider u as a function of f and in turn as a function of x and t through (14). Thus following the wave and using (14), we obtain According to Theorem 4.3, the deformation of a simple wave is affected by its initial wave form and by which of the two subregions it lies. It is conceivable that a steepening simple wave will develop into a shock eventually.
5. Maximum principle.
In the region 2-q < A Eqs. (5) and (6) with g{A) > 0 and f(A) < 0 are of elliptic type. Eliminating u from (5) and (6) gives Att + 2uAtx + (u2 -fg)Axx -(1 + g')g-\At)2 -2u(l + g')g~1AtAx -(,gf + f + u'g'1 + u'g'g'^A,)2 = 0.
For every given solution A(x, t) and u(x, t), the derivatives Ax and A, are also given functions of x and t; hence the above equation is equivalent to Att + Ci(z, t)A,x + C2(x, t)Axx + Cs(x, t)At + Ct(x, t)Ax = 0,
and any given solution A may be regarded as a solution of the equivalent linear elliptic equation (15). Similarly, any solution u may be regarded as a solution of an equivalent linear equation like (15). By the maximum principle for linear elliptic equations [8] , the maximum of A or u appears on the boundary of its domain of definition.
Lemma. Suppose a solution of (15) A = A (x, t) is of class C2 in a closed simply connected region. Then if A assumes a maximum at a boundary point, the inward normal derivation at this point is negative unless A is constant [9] .
With these preparations we may state the main theorems for instability as follows. Theorem 5.1. Let u = u(x, t) and A = A(x, t) be a non-trivial solution of (5) and (6) The proof is completely analogous to that of Theorem 5.1. Conditions (16) and (17) may be regarded as an instability criterion in the following sense. If one of the conditions is satisfied, the plasma cylinder is unstable; if none of them is true, there may exist a stable solution, for it is possible that the maxima of u and A only occur at t = 0.
Corollary. Suppose u and A are of class C2. Then the plasma cylinder is unstable under disturbances which start with the fluid at rest, i.e., u0 = 0.
To see this, we merely note that u0 = 0 is a particular case of (16). Theorem 5.3. A necessary condition for the plasma to achieve stability is r, = (Bo/Co)2 > 1/2.
Proof. Since in general the plasma cylinder is unstable in the elliptic region, a necessary condition for stability is to stay away from this region initially. This requires
6. Hodograph transformation.
Equations (5) and (6) are reducible and hence can be made linear through a hodograph transformation in any region where the Jacobian Q = u,Ax -uxA, does not vanish. When $ ^ 0, the following are true: ut = gxA , ux = -gtA and At = -$£" , Ax = gtu , which, when substituted into (5) and (6), lead to utA -KA)tu -xA = 0, ,18ĝ
{A)tA -utu + xu = 0.
We may also eliminate x to give, assuming legitimacy of the elimination,
where g{A) and f(A) are given by (7). Now, let us examine the region where $ = 0. Theorem 6.1. Suppose A > 2t). Then the Jacobian $ = u,Ax -uxA, can not vanish over a region R in the (x, t) plane unless u = const and A = const in R.
Proof. If the Jacobian vanishes over R but either u ^ const or A ^ const in R, we must have u,Ax = uxA, on account of Theorem 3.1. Now, multiplying (5) by -Ax and (6) by ux , adding the resulting equations, and using u,Ax = uxA, , we obtain
which implies ux = 0 and Ax -0 since g(A) > 0 and f{A) < 0 for A > 2?j. By Theorem 3.1, only trivial solutions exist; or u = const and A = const. This is a contradiction and hence the theorem is proved. Theorem 6.2. Suppose ij < A < 2-q. Then the flow in a region where $ = 0 is a simple wave or it must be a constant state. u = ±J \KA)/g{A)]1/2 dA + const, which is identified as a hodograph characteristic on comparing with (11) and (11a). By definition then, the flow is a simple wave.
Hence, excluding simple waves, which can be handled by the theory of characteristics, we may apply the hodograph transformation in most cases. Equation (19) is, however, difficult to solve especially when the initial conditions are complicated. Some means of finding particular solutions of (19) will now be discussed. Hence, in the transition zone approximate solutions of (19) may be obtained by superposing particular solutions of the Tricomi equation, which is the most studied among equations of mixed type.
In general, however, it is inevitable to solve the hodograph equation (19) . We shall now propose a method of finding particular solutions of (19) similar to the idea of sigmaintegration [10] . Let us define a new function s(u, A) such that The proof follows immediately from (21).
Hence, given an FG-monogenic function which corresponds to a solution of (19), by Theorems 6.4, 6.5 and 6.6 we may generate other FG-monogenic functions and hence obtain other solutions of (19). In particular, FG-monogenic functions 1 and i may be FG-integrated to yield infinitely many solutions of (19). It should be noted, however, that many of the solutions so obtained may not have physical meanings.
A simple example serves to illustrate the method. For s = -1 and t = 0, FG-integration once gives s = -u and t = PoPo^l -i?)(1_7)/7[(^ -r))'1/yA^~y)/y + const]. We may choose the constant such that 7. Remarks on stability. For a finite disturbance with moderate area increase A < 2t], the governing differential equations are hyperbolic. Such a disturbance far away from which the plasma is at constant state is necessarily a simple wave [6] . As a simple wave propagates, its wave form changes but its maximum amplitude remains the same. Hence with respect to a single, axisymmetric, concave or convex disturbance with A < 2ij and a small area gradient in the axial direction, the plasma cylinder may be regarded as stable in the sense that all its physical quantities remain finite. It is conceivable that through the interaction of several simple waves there may result a finite disturbance which bulges into the elliptic region, in which the plasma is unstable. Thus, the larger the value of 77 and hence the smaller the difference between the confining and internal magnetic field, the more stable the plasma cylinder. This means that for the sake of stability the plasma pressure, which is equal to the difference between the confining and internal magnetic pressures, is to be kept low unless very strong magnetic fields are used.
